ABSTRACT. We study oscillatory properties of solutions to a class of nonlinear second-order differential equations with a nonlinear damping. 
Introduction
In this paper, we are concerned with the oscillation of a second-order nonlinear differential equation with damping r (t) (x (t)) γ + p(t) (x (t)) γ + q(t)f (x(t)) = 0,
where t ≥ t 0 > 0, γ ≥ 1 is a ratio of odd positive integers, the functions r, p, q, f are such that r ∈ C 1 ([t 0 , +∞), (0, +∞)), p, q ∈ C([t 0 , +∞), R), f ∈ C(R, R), xf (x) > 0 for x = 0, and f (x)/x γ ≥ µ, for some µ > 0 and for all x = 0. We also suppose that, for all t ≥ t 0 , q(t) ≥ 0, and q(t) does not vanish eventually.
In what follows, we assume that solutions to equation (1) exist for all t ≥ t 0 . As usual, a solution of equation (1) is called oscillatory if it has arbitrarily large zeros; otherwise we call it nonoscillatory. Equation (1) is said to be oscillatory if all its solutions are oscillatory.
Over the past decade, oscillation of differential equations with damping attracted significant attention of researchers, see, for instance, the papers [3] - [13] and the references cited therein. The purpose of this note is to extend recent oscillation results due to Rogovchenko and Tuncay [9] obtained for a differential equation (r (t) x (t)) + p(t)x (t) + q(t)f (x(t)) = 0 to a more general equation (1) that may be also viewed as a special case of second-order damped differential equations with a p-Laplacian.
Main results
In the sequel, all functional inequalities are assumed to be satisfied for all t sufficiently large. Let
We say that a function H ∈ C (D, [0, +∞)) belongs to a class W γ if:
(ii) H has a non-positive continuous partial derivative with respect to the second variable satisfying condition
Note that for γ = 1, W γ reduces to the class of functions W used in [9] . The following auxiliary result collects two useful inequalities that can be found, respectively, in Jiang and Li [2] and Hardy et al. [1] .
Ä ÑÑ 1º Let γ ≥ 1 be a ratio of two odd numbers. Then,
and
where
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Then, equation (1) is oscillatory.
P r o o f. Let x(t) be a non-oscillatory solution of (1) . Observe that assumptions on γ and f (x) imply that if x(t) is a solution of (1), −x(t) is also a solution to this equation. Thus, without loss of generality, we can assume that there exists a T 0 ≥ t 0 such that x(t) > 0, for all t ≥ T 0 . Define a generalized Riccati substitution by
Differentiating (6), we obtain
)(r(t)ρ(t)) . (7) Let A = u(t)/ (v(t)r(t)) and B = ρ(t). Using the inequality (2), we conclude that u(t) v(t)r(t)
− ρ(t)
Thus, (1), (5), and (7) yield
Multiplying both sides of (8) by H(t, s) and integrating the resulting inequality from T 1 to t, we obtain, for all β ≥ 1 and all
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.
Applying the inequality (3), we conclude that
By (9) and (10),
Using monotonicity of H, we conclude that, for all t ≥ T 1 ,
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Hence,
which contradicts (4). The proof is complete.
If condition (4) in Theorem 2 fails to hold, the following result can be used instead.
Ì ÓÖ Ñ 3º Suppose that there exist functions
and φ ∈ C([t 0 , +∞), R) such that, for all T ≥ t 0 and for some β > 1,
where ψ and v are as in Theorem 2. If
where φ + (t) = max{φ(t), 0}, then equation (1) is oscillatory.
P r o o f. Without loss of generality, assume again that (1) possesses a solution
Proceeding as in the proof of Theorem 2, we arrive at the inequality (11), which yields, for all t > T 1 and for any β ≥ 1,
ds.
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The latter inequality implies that, for all t > T 1 and for all β ≥ 1,
Assume now that
Condition (12) implies existence of a ϑ > 0 such that
It follows from (16) that, for any positive constant η, there exists a
Using integration by parts and (18), we have, for all t ≥ T 1 ,
OSCILLATION OF NONLINEAR DIFFERENTIAL EQUATIONS WITH DAMPING
By virtue of (17), there exists a T 3 ≥ T 2 such that, for all t ≥ T 3 ,
Since η is an arbitrary positive constant,
and the latter contradicts (15). Consequently,
and, by virtue of (14),
which contradicts (13) . This completes the proof.
Remark 4º
Choosing different combinations of functions H and ρ, one can derive from general Theorems 2 and 3 a variety of efficient tests for oscillation of equation (1) and its particular cases.
If f (x) = µx γ for some µ > 0, equation (1) reduces to a second-order halflinear damped differential equation r (t) (x (t)) γ + p(t) (x (t)) γ + µq(t)x γ (t) = 0.
Equation (19) has been recently studied by Liu et al. [6] and Zhang et al. [13] under the assumptions r(t) > 0, p(t) ≥ 0, q(t) > 0. 
